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SUMMARY
A new eight-node Reissner–Mindlin plate element is developed with a special interpolation within the
element. This special interpolation is an extension of the element boundary interpolation that em-
ploys Timoshenko beam function for the boundary segment interpolation. The element function can
effectively capture the structural behaviours of thick plates and achieve high precision in the analysis
of thick plates. Patch tests and numerical investigations are conducted. It can be seen that the pro-
posed element successfully passes all the patch tests. The results of the numerical investigation show
that the proposed element is free of the shear locking phenomenon and possesses a higher accuracy
in the analyses, as compared to the earlier research in the literature. Copyright q 2006 John Wiley &
Sons, Ltd.
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KEY WORDS: Reissner–Mindlin plate element; Timoshenko beam function; eight-node element; thick
plates
1. INTRODUCTION
It is well known that a plate element based on the Reissner–Mindlin theory [1, 2] requires only
C0 continuity. However, it is widely recognized that the development of such an element comes
to some problems. Particularly, difficulties are encountered in connection with the shear locking
phenomenon, thereby giving incorrect results for thin plates, and the problems of numerical ill-
conditioning, loss of rank, and poor accuracy due to theoretical shortcomings. Many these problems
have been discussed in details by Hughes and Tezduyar [3], Prethap and Viswanath [4], and Kant
et al. [5]. In addition, many these elements have zero-energy modes, which may cause mechanisms
to spread through the mesh. To tackle the problems, various re-constitution techniques for the
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shear strain terms or the assumed shear strain method are used, such as reduced [6] and selective
integration technique [7]. However, it is found that such an element not only often exhibits extra
zero energy modes but also produces oscillatory results for some problems. Several stabilized
techniques which aim at overcoming these deficiencies have been developed by MacNeal [8],
Belytschko and Tsay [9], etc. It has been noted that the elements based on reduced integration
techniques cannot converge to a correct solution and fails to pass the patch test for Kirchhoff
thin plate element when the thickness of the element is relatively small. A number of improved
quadrilateral Reissner–Mindlin plate elements are then developed by Hinton and Huang [10], Donea
and Lamain [11] and Bath and Dvorkin [12], in which the rotation and first-order derivation of the
element deflection are compatible with the form of the shear strain using the natural co-ordinate
interpolation system.
In this paper, a new eight-node Reissner–Mindlin plate element is developed with a special
interpolation within the element. The reason of introducing an eight-node plate element is the
particular need for the analysis of transfer plates in tall building structures, where large openings
at lower floor level can be achieved by using a large and thick transfer plate to collect vertical
loads from the closely spaced columns/walls at the upper floor and then distribute them to a
small number of larger more widely spaced columns/walls at the lower level [13]. This special
interpolation within the Reissner–Mindlin plate element is in fact an extension of the element
boundary interpolation that employs Timoshenko beam function for the boundary segment inter-
polation. As a result, this special element function can effectively capture the structural behaviours
of thick plates, thus attaining high precision in the analysis. Moreover, to remove the problem
of shear locking in Reissner–Mindlin plate elements, the discrete Reissner–Mindlin hypothesis is
employed. The discrete Reissner–Mindlin approach involves an initial selection of approximations
for the normal rotations within the element and an independent description of the transverse dis-
placement on the boundary. Alternatively, imposition of the Kirchhoff constraint, which states that
the normal rotations must be equal with the first derivative of the transverse displacement, at a
discrete number of points leads to expressions that are substituted into the strain energy expression
written in terms of the normal rotations; while subsequent operations produce the element stiffness
matrix.
A series of patch tests are conducted to check the compatibility of the proposed element and to
evaluate the ability of modelling a Reissner–Mindlin plate subjected to constant shear deformation
and constant curvature. The proposed element passes successfully all the tests. Two more patch
tests for shear deformation and curvature are also investigated. Numerical studies are carried out,
and the results show that the proposed element is free of the shear locking phenomenon and
possesses generally a higher accuracy in the analyses as compared to earlier research works in the
literature.
2. TIMOSHENKO BEAM FUNCTION
In Euler–Bernoulli beam theory, it is assumed that a plane across section perpendicular to the axis
of the beam remains plane, and is perpendicular to the axis after deformation. This assumption
has strong limitation when dealing with deep beams or sandwich beams with low shear modulus,
because the shear effect becomes relatively significant and all transverse shear strain on the
bending solutions cannot be neglected. In addition, this effect should be considered when greater
accuracy of the beam deflection is required. Therefore, when the shear strain becomes much
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Figure 1. Timoshenko beam: (a) a Timoshenko beam with dimensions; (b) simplified model of the
Timoshenko beam; and (c) boundary conditions.
significant, Timoshenko beam theory should be employed for plate edge interpolation rather than the
Euler–Bernoulli beam theory in the development of a Reissner–Mindlin plate element. In fact,
Timoshenko beam theory [14] is an extension of the Euler–Bernoulli beam theory to allow for
the effect of transverse shear deformation by relaxing the normality assumption. In this shear-
deformation beam theory, plane sections remain planes but they are not necessarily normal to the
longitudinal axis after deformation, thus admitting a non-zero transverse shear strain.
Consider a Timoshenko beam with a border with length L , width b, and thickness h shown in
Figure 1. The governing equations is given as follows:
GAKs
(
 − dw
dx
)
= E I d
2
dx2
GAKs
(
d
dx
− d
2w
dx2
)
= q
(1)
where E is the Young’s modulus; G = E/2(1 + ) is the shear modulus of elasticity; A is the
cross-sectional area; Ks is the shear correction coefficient, which is introduced to account for the
difference in the constant state of shear stress in the Timoshenko beam theory and the parabolic
variation of the actual shear stress through the beam depth. The values of Ks for various cross-
sectional shapes are given in the standard text [14].
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Without considering the load, q , Equation (1) can be written as
 − dw
dx
= e L2 d
2
dx2
d
dx
− d
2w
dx2
= 0
(2)
with the following boundary conditions shown in Figure 1(c):
w|x=0 =w1; w|x=S =w2
1|x=0 = 1; |x=S = 2
(3)
where e = h2/5(1 − )S2.
The solutions of the governing equation (2), which satisfies the displacement w and rotation 
at the two ends of the strip described by Equation (3), can be found and given by
w = [L1 + e L1L2(L1 − L2)]w1 + [L1L2 + e L1L2(L1 − L2)]S/21
+[L2 + e L1L2(L2 − L1)]w2 + [−L1L2 + e L1L2(L1 − L2)]S/22 (4)
and
=−(6L1L2/S)ew1 + L1(1 − 3e L2)1 + (6L1L2/S)ew2 + L2(1 − 3e L1)2 (5)
where L1 = 1 − x/S, L2 = x/S, and e = 1/(1 + 12e). The solutions with different boundary
conditions are given by Wang [15].
The displacements along the element boundary are interpolated with Equations (4) and (5). They
are considered as the analytical solutions for the governing equation of Timoshenko beam theory
described by Equations (2) and (3). These boundary displacements are derived from Timoshenko
beam theory and can be solved analytically; thus they are accurate and applicable to deep and
slender beams. The interior strain and displacement of the plate element can be expressed in
terms of the displacement on the boundary of the element, as shown in Figure 2. Therefore, the
Figure 2. Interpolation inside the element using Timoshenko beam function.
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interpolation within the element is also applicable to Kirchhoff and Reissner–Mindlin plates at the
same time. Moreover, since there is no numerical approximation employed for the element boundary
interpolation high precision can be achieved. After determining the strain and displacement of the
plate element, followed by the displacement-based element derivation procedures, the element
stiffness matrix of the bending and shear strain parts are then conveniently determined.
3. THICK PLATE FORMULATION
The thin plate theory is based on the assumption formalized by Kirchhoff [16] and indeed his
name is often associated with this theory, though an early version was presented by Germain in
1811 [17–19]. A relaxation of the assumptions was made by Reissner [1] and later given in a
different form by Mindlin [2]. These modified theories extend the field of application of the theory
to thick plates and form the thick plate theory with Reissner–Mindlin postulates. It turns out that
the thick plate theory is simpler to implement in the finite element method, though in the early days
of analytical treatment it presented more difficulties. It is more convenient to introduce the thick
plate first theory and by imposition of additional assumptions, then limit it to thin plate theory.
Derivations of the governing equations and variational formulation of the Reissner–Mindlin plate
are presented in Appendix A.
Consider the Reissner–Mindlin plate shown in Figure 3(a). The co-ordinate interpolations are
given by
x =
8∑
i=1
N pcori xi
y =
8∑
i=1
N pcori yi
(6)
where x and y are the global co-ordinates at any point of the element and xi , yi , i = 1, 2, . . . , 8,
are the co-ordinates of the eight element nodes. The shape functions, N pcori , are defined in the
natural co-ordinate system of the element, which has variables  and  that each vary from −1
(a) (b)
Figure 3. An eight-node Reissner–Mindlin plate element: (a) global co-ordinate system;
and (b) natural co-ordinate system.
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to +1. These eight-node isoparametric serendipity shape functions are [20]
N pcori (, )= (1 + 0)(1 + 0)(0 + 0 − 1)2i 2i /4 + (1 − 2)(1 + 0)(1 − 2i )2i /2
+ (1 − 2)(1 + 0)(1 − 2i )2i /2 (7)
where 0 = i and 0 = i ; i is the co-ordinate of element nodes in the natural co-ordinate
system shown in Figure 3(b).
4. BENDING DEFORMATION
As an appropriate variational framework for the proposed element interpolations described previ-
ously, shear forces are included as additional dependent variables. Equation (A10) indicates that
formulas of the proposed element are going to be derived in the bending part and the shear part.
4.1. Bending strain
The bending strain (in-plane components) of the element can be expressed as
e=
⎧⎪⎪⎨
⎪⎪⎩
x
y
xy
⎫⎪⎪⎬
⎪⎪⎭ =−z
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

x
0
0

y

y

x
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
{
x
y
}
(8)
Consider the geometry in the global and nature co-ordinate systems of the plate element shown
in Figures 3(a) and (b), respectively. It is noted that by means of the co-ordinate interpolations in
Equation (6), the elements can have, without any difficulty, curved boundaries. This is an important
advantage over the generalized co-ordinate finite element formulation. Another important advantage
is the ease with which the element displacement functions can be constructed.
In the isoparametric formulation, the rotations, x and y , are interpolated with 16-node serendip-
ity shape functions in the natural co-ordinates (, ),
x =
16∑
i=1
N pi xi
y =
16∑
i=1
N pi yi
(9)
where N pi , i = 1, 2, . . . , 16 is derived and listed in Table I. Numbering of the element nodes is
shown in Figure 4. The surplus parameters, rotations, xi and yi at nodes 9–16 are eliminated by
use of a special boundary interpolation that employs Timoshenko beam function.
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Table I. Serendipity shape functions for 16-node isoparametric elements.
Node i
Serendipity shape function 5 6 7 8 9
N p1 (1 − )(1 − )/4 −N
p
5 /2 — — −N
p
8 /2 −3N
p
9 /8
N p2 (1 + )(1 − )/4 −N
p
5 /2 −N
p
6 /2 — — N
p
9 /8
N p3 (1 + )(1 + )/4 — −N
p
6 /2 −N
p
7 /2 — —
N p4 (1 − )(1 + )/4 — — −N
p
7 /2 −N p8 /2 —
N p5 (1 − 2)(1 − )/2 — — — — −3N
p
9 /4
N p6 (1 + )(1 − 2)/2 — — — — —
N p7 (1 − 2)(1 + )/2 — — — — —
N p8 (1 − )(1 − 2)/2 — — — — —
N p9 −3(1 + )(0.5 − )(1 − )(1 − )/4 — — — — —
N p10 4(1 + )(0.5 + )(1 − )(1 − )/3 — — — — —
N p11 −4(1 + )(1 + )(0.5 − )(1 − )/3 — — — — —
N p12 4(1 + )(1 + )(0.5 + )(1 − )/3 — — — — —
N p13 4(1 + )(0.5 + )(1 − )(1 + )/3 — — — — —
N p14 −4(1 + )(0.5 − )(1 − )(1 + )/3 — — — — —
N p15 4(1 − )(1 + )(0.5 + )(1 − )/3 — — — — —
N p16 −4(1 − )(1 + )(0.5 − )(1 − )/3 — — — — —
Node i
10 11 12 13 14 15 16
N p1 N
p
10/8 — — — — N
p
15/8 −3N
p
16/8
N p2 −3N
p
10/8 −3N
p
11/8 N
p
12/8 — — — —
N p3 — N
p
11/8 −3N
p
12/8 −3N
p
13/8 N
p
14/8 — —
N p4 — — — N
p
13/8 −3N
p
14/8 −3N
p
15/8 N
p
16/8
N p5 — — — — — —
N p6 — −34 −3N
p
12/4 — — — —
N p7 — — — −3N p13/4 −3N
p
14/4 — —
N p8 — — — — — −3N
p
15/4 −3N
p
16/4
N p9 − N
p
16 — — — — — — —
4.2. Boundary interpolation with Timoshenko beam function
The structural behaviour of the boundary strip of a Reissner–Mindlin plate is similar to that of a
Timoshenko beam. Timoshenko beam function represented by Equations (4) and (5) is the exact
solution of Timoshenko beam under the boundary constraints shown in Figure 1(c).
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Figure 4. Arrangement of temporary nodes 9–16.
Take one boundary segment, 1-9-5 shown in Figure 4, as an example. According to the fact that
the rotation along the normal direction, ˜n , is linear distributed within the whole segment, and the
tangential component, ˜s , is the Timoshenko beam function presented by Equation (5), using the
parameters w1, n1, s1 and w5, n5, s5. The rotations, ˜n and ˜s , along this boundary segment
can be written as
˜n = L1n1 + L2n2 (10)
˜s = −(6L1L2/S1)ew1 + L1(1 − 3e L2)s1
+ (6L1L2/S1)ew5 + L2(1 − 3e L1)s5 (11)
where e9 = 1/(1 + 12e9), S1 is the length of the 1–5 boundary, L1 = 1 − s/S1 and L2 = s/S1,
in which s is the local co-ordinate along the boundary.
4.3. Element stiffness matrix for bending
By carrying out the transformation from a mid node to two ends, the explicit expression of the
element rotations for bending strain of the element, expressed by Equation (9), can be obtained as
follows: {
x
y
}
=
8∑
i=1
NFpi q
p
i +
8∑
i=1
NSpi q
p
i (12)
where
NFpi =
[
0 N pi 0
0 0 N pi
]
, i = 1, 2, . . . , 8 (13)
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and NSpi can be expressed in details as follows:
NSp1 = NHp9 T19 + NHp16T116
NSp2 = NHp10T210 + NHp11T211
NSp3 = NHp12T312 + NHp13T313
NSp4 = NHp14T414 + NHp15T415
NSp5 = NHp9 T59 + NHp10T510
NSp6 = NHp11T611 + NHp12T612
NSp7 = NHp13T713 + NHp14T714
NSp8 = NHp15T815 + NHp16T816
(14)
where
NHpi =
[
N pi 0
0 N pi
]
, i = 9, 10, . . . , 16 (15)
and
qpi =
⎧⎪⎪⎨
⎪⎪⎩
wi
xi
yi
⎫⎪⎪⎬
⎪⎪⎭ (16)
Thus, Equation (12) can then be rearranged as{
x
y
}
=
8∑
i=1
(NFpi + NSpi )qpi (17)
Let NFSpi = NFpi + NSpi . Equation (17) can be rewritten as
{
x
y
}
=
8∑
i=1
NFSpi q
p
i
=
8∑
i=1
[
NFSpi [1][1] NFSpi [1][2] NFSpi [1][3]
NFSpi [2][1] NFSpi [2][2] NFSpi [2][3]
]⎧⎪⎪⎨
⎪⎪⎩
wi
xi
yi
⎫⎪⎪⎬
⎪⎪⎭ (18)
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Substituting Equation (18) into the bending strain Equation (8) leads to
e=−z
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

x
0
0

y

y

x
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
{
x
y
}
=−z[BBp1 BBp2 · · · BBp8 ]
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
w1
x1
y1
...
w8
x8
y8
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(19)
where
BBpi =
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
NFSpi [1][1]
x
NFSpi [1][2]
x
NFSpi [1][3]
x
NFSpi [2][1]
y
NFSpi [2][2]
y
NFSpi [2][3]
y
NFSpi [1][1]
y
+ NFS
p
i [2][1]
x
NFSpi [1][2]
y
+ NFS
p
i [2][2]
x
NFSpi [1][3]
y
+ NFS
p
i [2][3]
x
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
(20)
Therefore, the bending strain matrix is given by
Bpb =[BBp1 BBp2 · · · BBp8 ] (21)
After obtaining the bending strain matrix, the stiffness matrix for bending can then be derived
by substituting Equation (19) into Equation (A10a),
Kpb =
∫ h/2
−h/2
∫
A
BpbTCbBpb dA dt
=
∫ h/2
−h/2
∫
A
E
1 − 2
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
BBpT1
BBpT2
...
BBpT8
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎢⎣
1  0
 1 0
0 0
1 − 
2
⎤
⎥⎥⎥⎥⎦ [BB
p
1 BB
p
2 · · · BBp8 ]
× det[J] d d dt (22)
where J is the Jacobian operator relating the natural co-ordinate derivatives to the local co-
ordinate derivatives. The bending stiffness matrix can be computed using 5 × 5 Gaussian quadrature.
Furthermore, because the matrix is a 24 × 24 one, it is a common practice to divide such a large
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matrix into several sub-matrices so that the computer programming becomes more easy and
convenient. Thus, the element stiffness matrix for bending is expressed as
kpb =
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
kpb11 k
pb
12 · · · kpb18
kpb21 k
pb
22 · · · kpb28
...
...
. . .
...
kpb81 k
pb
82 · · · kpb88
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
(23)
where
Kpbi j =
∫ h/2
−h/2
∫
A
E
1 − 2
[
BBpi
]T
⎡
⎢⎢⎢⎢⎣
1  0
 1 0
0 0
1 − 
2
⎤
⎥⎥⎥⎥⎦BB
p
j det[J] d d dt (24)
The sub-matrix kpbi j is 3 × 3 one. The subscripts i and j represent the location of this sub-matrix.
5. SHEAR DEFORMATION
To circumvent the shear locking problem, the element stiffness matrix in the proposed approach is
formulated by including the bending effects and the transverse shear effects through different order
of interpolations. To evaluate the section curvature, j, Equation (A7a) as well as the interpolations
in Equation (9) are used. The element section curvatures are calculated as usual, but it is relatively
difficult to evaluate the transverse shear strains.
5.1. Shear strain
For a general eight-node element in a global co-ordinate system, it is difficult to determine the
shear strain precisely. An approximate shear strain will be determined using the covariant rotations
and shear strains in the natural co-ordinate system. In order to make the rotation and first-order
derivation of the deflection compatible with the forms of the shear strain, the shear strains can be
expressed in terms of the natural co-ordinates as
c=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
w
x
− x
w
y
− y
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
=
{
xz
yz
}
=[J]−1
{
z
z
}
=[J]−1
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
w

− 
w

− 
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(25)
where J is the Jacobian operator relating the natural co-ordinate derivatives to the local co-ordinate
derivatives. The natural shear strain is written as{
z
z
}
= Nps c˜ (26)
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where
c˜= {z9 z10 z11 z12 z13 z14 z15 z16}T (27)
Nps =
[
1 2 0 0 3 4 0 0
0 0 5 6 0 0 7 8
]
(28)
in which
1 = (1 − )(1/2 − )/2
2 = (1 − )(1/2 + )/2
3 = (1 + )(1/2 + )/2
4 = (1 + )(1/2 − )/2
5 = (1 + )(1/2 − )/2
6 = (1 + )(1/2 + )/2
7 = (1 − )(1/2 + )/2
8 = (1 − )(1/2 − )/2
5.2. Boundary interpolation with Timoshenko beam function
In order to eliminate the shear locking phenomenon, the rotation and the deflection of one of the
boundary segment can be defined as follows from Timoshenko beam function:
˜s = −(6L1L2/S)ewb + L1(1 − 3e L2)sb + (6L1L2/S)ewe + L2(1 − 3e L1)se (29)
w˜s = [L1 + e L1L2(L1 − L2)]wb + [L1L2 + e L1L2(L1 − L2)]S/2sb
+[L2 + e L1L2(L2 − L1)]we + [−L1L2 + e L1L2(L1 − L2)]S/2se (30)
where nb and sb are the normal and tangential slopes at the starting point, ne and se are the
normal and tangential slopes at the ending point, and wb and we are the transverse displacements at
the starting and ending points, respectively. S is the length of the boundary segment. L1 = 1− s/S
and L2 = s/S, where s is the co-ordinate along the boundary. It is obvious that the displacements
˜s and w˜s as shown in Equations (29) and (30) on the boundary will become the displacements
of the thin plate boundary because e tends to zero when h/S approaches to zero.
From Equation (30), the following equation can be obtained:
w˜s
s
= 1
S
[−1 + e(1 − 6L1L2)]wb + 0.5[L1 − L2 + e(1 − 6L1L2)]s1
+ 1
S
[1 − e(1 − 6L1L2)]we + 0.5[−L1 + L2 + e(1 − 6L1L2)]s2 (31)
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5.3. Element stiffness matrix for shear
By carrying out the transformation from a mid node to two ends [21], the shear strain Equation
(26) can be expressed in the natural co-ordinate system by{
z
z
}
= Nps Tsqp (32)
where Ts is given in Appendix B, and
qp = {w1 x1 y1 w2 x1 y1 · · · w8 x8 y8}T1x24 (33)
By substituting Equation (33) into Equation (25), the shear strain in the global co-ordinate
system is obtained,
c=
{
xz
yz
}
= J−1
{
z
z
}
= Bpsqp (34)
where
Bps = J−1Nps Ts (35)
in which J is the Jacobian operator relating the natural co-ordinate derivatives to the local co-
ordinate derivatives; and
J−1 = 1
det[J]J
∗ = 1
det[J]
⎡
⎢⎢⎢⎣
y

−y

−x

x

⎤
⎥⎥⎥⎦ (36)
The formulation of the element can be regarded as a mixed formulation, in which the section
rotations and transverse displacement are interpolated independently. The curvatures are calculated
using Equation (8) and the shear strains are interpolated as shown above. In the interpolation,
the intensities of the transverse shear are at points 9, 10, . . . , 16 constrained to the standard
isoparametric interpolation. The element formulation can also be interpreted as based on a reduced
penalty constraint between the transverse displacement and the section rotations, or the element
can be viewed as based on the ‘discrete Reissner–Mindlin theory’.
The substitution of Equation (34) into Equation (A9) gives the element stiffness matrix for
shear,
kps = k2
∫ h/2
−h/2
∫
A
[Bps]T E
2(1 + )B
ps dA dz
= k
2
∫ h/2
−h/2
∫
A
[Ts]T[Nps ]T[J−1]T E2(1 + )J
−1Nps Tsdet[J] d d dz (37)
where kps is a 24 × 24 matrix and J−1, Nps , and Ts are 2 × 2, 2 × 8 and 8 × 24 matrices, respectively.
Since it is not convenient to calculate the element stiffness matrix for shear with Equation (37)
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directly, Ts is always divided into eight sub-matrices as
Ts = [Ts1 Ts2 Ts3 Ts4 Ts5 Ts6 Ts7 Ts8] (38)
Tsi (i = 1, 2, . . . , 8) is a 8 × 3 matrix. The subscript i indicates that the matrix is associated
with the connectors of node i . Thus, the shear strain matrix is also divided into eight sub-matrices
accordingly,
Bps = [Bps1 Bps2 Bps3 Bps4 Bps5 Bps6 Bps7 Bps8 ] (39)
where Bpsi (i = 1, 2, . . . , 8) is a 2 × 3 matrix. By substituting Equation (39) into Equation (37),
the element stiffness matrix for shear can be expressed as
kps =
⎡
⎢⎢⎢⎢⎢⎣
kps11 k
ps
12 · · · kps18
kps21 k
ps
22 · · · kps28
...
...
. . .
...
kps81 k
ps
82 · · · kps88
⎤
⎥⎥⎥⎥⎥⎦ (40)
where
kpsi j =
k
2
∫ h/2
−h/2
∫
A
[Bpsi ]T E2(1 + )B
ps
j dA dz
= k
2
∫ h/2
−h/2
∫
A
[Tsi ]T[Nps ]T[J−1]T
E
2(1 + )J
−1Nps Tsj det[J] d d dz (41)
6. ELEMENT STIFFNESS AND STRESS MATRICES
By assembling the stiffness matrices for bending and shear, given by Equations (23) and (40)
respectively, the stiffness matrix of the proposed eight-node Reissner–Mindlin plate is as follows:
kp = k pb + k ps =
⎡
⎢⎢⎢⎢⎢⎢⎣
k pb11 k
pb
12 · · · k pb18
k pb21 k
pb
22 · · · k pb28
...
...
. . .
...
k pb81 k
pb
82 · · · k pb88
⎤
⎥⎥⎥⎥⎥⎥⎦
+
⎡
⎢⎢⎢⎢⎢⎣
k ps11 k
ps
12 · · · k ps18
k ps21 k
ps
22 · · · k ps28
...
...
. . .
...
k ps81 k
ps
82 · · · k ps88
⎤
⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎢⎢⎣
k pb11 + k ps11 k pb12 + k ps12 · · · k pb18 + k ps18
k pb21 + k ps21 k pb22 + k ps22 · · · k pb28 + k ps28
...
...
. . .
...
k pb81 + k ps81 k pb82 + k ps82 · · · k pb88 + k ps88
⎤
⎥⎥⎥⎥⎥⎥⎦
(42)
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When obtaining the element stiffness matrix, the simultaneous equations will be conveniently
developed. After solving these simultaneous equations, the displacements of the element will then
be determined.
On the other hand, once the nodal variables, qp, are known, the bending moments at any point
of the element can be calculated by
M =
⎧⎪⎨
⎪⎩
Mx
My
Mxy
⎫⎪⎬
⎪⎭ = CbBpbqp
= E
1 − 2
⎡
⎢⎢⎢⎣
1  0
 1 0
0 0
1 − 
2
⎤
⎥⎥⎥⎦ [BBp1 BBp2 · · · BBp8 ]
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
w1
x1
y1
...
w8
x8
y8
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(43)
The shear forces are given by
Q =
{Qx
Qy
}
= CsBpsqp
= E
2(1 + )
[
1 0
0 1
]
J−1Nps Ts
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
w1
x1
y1
...
w8
x8
y8
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(44)
It is seen that Equations (43) and (44) derived enable the full stiffness matrix of the structure to
be assembled and a solution for the displacements to be obtained.
The stress matrix given in general terms in Equations (43) and (44) can be obtained by appropriate
substitutions for each element. Based on the basic assumptions the element stresses vary within the
element. To obtain the stresses at any arbitrary point, it is needed to substitute the correspondent
nodal co-ordinates into Equations (43) and (44).
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7. PATCH TESTS
7.1. Constant stress patch tests
Following the suggestions of Robinson and Haggenmacher [21] for evaluating the plate bending
elements, a constant stress patch test problem shown in Figure 5 is considered. Five eight-node
elements are assembled and subjected to a set of concentrated loading and boundary conditions
that lead theoretically to a uniform constant state of stresses on the rectangular plate. With different
values of Poisson’s ratio and positions of nodes 5, 6, 7 and 8, Mx , My and Mxy are found equal
to unity everywhere on the plate. This confirms the compatibility of the proposed element.
The test results are shown in Table II. Boundary conditions of this test example are w= 0 at
nodes 1, 2, and 4. Loads are Mx = b at nodes 2 and 3; Mx =−b at nodes 1 and 4; My = a at
nodes 1 and 2; My =−a at nodes 3 and 4; and Pz = 2 at node 3. It is assumed that the normalized
Young’s modulus E = 1000 and the normalized thickness h = 1.
2a
2b
x
y
1 2
34
5 6
78
b
a
b
a
a
bb
a
2zp =
Figure 5. Assembly of five eight-node elements for constant stress patch test.
Table II. Results of constant stress patch test (a = 20, b = 10, h = 1).
Poisson’s ratio
Node = 0 = 0.3
5 6 7 8 Proposed Exact Proposed Exact
M∗x 1 1 1 1 — — — —
M∗y 1 1 1 1 — — — —
M∗xy 1 1 1 1 — — — —
w8 — — — — 9.60 9.60 12.48 12.48
∗Mx , My , Mxy are found equal to the exact solution, unity everywhere on the plate.
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7.2. Constant curvature patch test
The element stiffness matrix must satisfy the patch test in order to give reliable results. The ability
of the element to reproduce constant states of strains is an essential requirement for achieving
convergence to a correct solution, as the finite element mesh is refined.
To check the behaviour of the element, the patch test of five elements shown in Figure 6 is first
started to reproduce a theoretically constant state of strain and stress for thin and thick plates. The
co-ordinates of the nodes of the test element and material properties are given in Table III.
10
10
x
y
1 2
34
5
6
78
Figure 6. Assembly of five eight-node elements for constant curvature patch test.
Table III. Node’s co-ordinates and material properties of
five eight-node elements for constant curvature patch test.
Co-ordinates
Node x Y
1 0.0 0.0
2 10.0 0.0
3 10.0 10.0
4 0.0 10.0
5 2.0 2.0
6 8.0 3.0
7 8.0 7.0
8 4.0 7.0
Young’s modulus E = 1000; Poisson’s ratio = 0.3.
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Table IV. Kinematic boundary conditions for patch tests.
Constant curve test Constant shear deformation test
Boundary
conditions Node 1 Node 2 Node 3 Node 4 Node 1 Node 2 Node 3 Node 4
wi 0 −50 −150 −50 0 5 10 5
xi 0 10 15 5 0.5 0.5 0.5 0.5
yi 0 5 15 10 0.5 0.5 0.5 0.5
For the element based on the Reissner–Mindlin theory, the constant curvature condition and
zero shear deformation can be investigated by considering the kinematic form of the patch tests by
imposing on the boundary nodal values in accordance with the following theoretical displacement
fields, which leads to constant curvatures and zero transverse shear,
w = − 12 (x2 + y2 + xy)
x = x + y2
y = x2 + y
(45)
The kinematic boundary conditions at nodes 1, 2, 3 and 4 are shown in Table IV.
With the correct results at nodes 5, 6, 7 and 8, the constant curvatures and zero transverse shears
are obtained for any aspect ratio, given by
	x = xx = 1
	y = yy = 1
	xy = yx +
x
y
= 1
(46)
and
xz =
w
x
− x = 0
yz =
w
y
− y = 0
(47)
It is also a common practice that the constant curvature patch test is presented using distributed
moments on the boundaries [6, 12], which are theoretically equivalent to constant internal bending
moments on the plate. The consistent load vector for constant state Mx = My = 1 can be obtained
by considering a linear approximation of n on each side. The consistent load vector for constant
state Mxy = 1 can be obtained by considering the quadratic variation of s =−(w/s)+¯s on each
side, which will lead to concentrated loads at the corners of the patch in thin-plate situations. The
exact constant values were obtained of bending moments Mx = My = Mxy = 1 and shear forces
Qx = Qy = 0 at any point in the four elements for any aspect ratio. Thus, the element passes the
constant-bending-moments patch test.
Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2007; 69:1345–1373
DOI: 10.1002/nme
EIGHT-NODE REISSNER–MINDLIN PLATE ELEMENT 1363
7.3. Constant shear deformation patch test
To verify the constant shear deformation condition and the zero curvature, nodal values are imposed
on the boundary of the patch according to
w = 12 (x + y)
x = 12
y = 12
(48)
The kinematic boundary conditions at nodes 1, 2, 3 and 4 are given in Table IV.
For large values of h (h/L > 10) or very small values of k (k = 10−6), with correct results at
nodes 5, 6, 7 and 8, the zero curvatures and constant transverse shears are obtained at any point
of the elements, given by
	x = xx = 0
	y = yy = 0
	xy = yx +
x
y
= 0
(49)
and
xz =
w
x
− x = 1
yz =
w
y
− y = 1
(50)
Thus, the element passes the constant shear deformation patch test.
8. NUMERICAL INVESTIGATIONS
8.1. Simply supported square plate
Figure 7 shows a simply-supported square plate with various aspect ratios. The plate is subjected
to a uniformly distributed load. Table V shows the results of normalized central deflection of the
plate with different thickness-span ratios. It can be seen that the proposed method gives better
results than those of the commonly used methods [6, 7, 22], and shows very good agreement with
the exact solutions [23] .
8.2. Simply supported and clamped circular plates under uniform loading
Figure 8 shows a simply-supported and a clamped circular plates with radius R = 5 under uniformly
distributed loading. One-quarter of the circular plate shown in Figure 9(a) is modelled with four
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Figure 7. A simply supported square plate discretized into 6 × 6 mesh.
Table V. Normalized central deflection (10−5q L4/D) for different thickness/span ratios.
Thickness/span 0.4 0.25 0.2 0.005 10−2 10−5 10−10
Zienkiewicz et al. [6] 754.9 538.4 490.5 410.6 405.5 405.3 0.4
Malkus and Hughes [7] 741.4 531.2 480.1 294.7 36.9 0 0
Bath and Dvorkin [12] 744.0 537.6 490.0 410.6 405.5 405.0 0
Chen and Cheung [22] 743.6 537.3 489.7 410.8 406.3 406.1 406.1
Exact [23] 701.3 517.9 490.8 410.8 406.2 406.2 406.2
Proposed 704.6 518.3 489.7 410.8 406.3 406.1 406.1
R=
5
R=
5
A
C B
A
C B
(a) (b)
Figure 8. Circular plates under uniform loading: (a) simply-supported plate; and (b) clamped plate.
different elements mesh of 3, 12, 27 and 48, as shown in Figure 9(b). Three thickness cases are
considered: h = 0.1, 1 and 2.5. Both the soft simply supported and the clamped boundaries are
considered. The soft simply supported boundary here means that only the transverse displacement
is set to zero. Young’s modulus E = 10.92 and Poisson’s ratio = 0.3. The boundary conditions
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R =
A
C B
x
y
5
R =
A
C B
x
y
(a)
(b)
Figure 9. One quarter of circular plate and corresponding different meshes: (a) one
quarter of the simply-supported and clamped circular plates; and (b) different meshes of
symmetrical quadrants of a circular plate.
on AB are as follows: (1) for simply supported: w= 0; and (2) for clamped: w= 0, x = 0, y = 0.
The symmetrical conditions are: y = 0 on CB; x = 0 on CA.
The results of displacements and bending moments at the plate centre for the two different
boundary conditions are presented in Tables VI and VII. The predictions from the proposed
approach are compared with those from Bath and Dvorkin [12] and the exact solutions by Batoz
and Dhatt [24]. It can be seen that the results from the proposed method show very good agreement
with the exact solutions.
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Table VI. Displacements and bending moments at centre of simply-supported circular
plate under uniform loading.
Displacement at centre, wc Bending moment at centre, Mr
Number of elements 3 12 27 48 Exact 3 12 27 48 Exact
R/h = 50 Bath and 36429 39039 39471 39635 39831 4.73 5.10 5.12 5.14 5.16
Dvorkin [12]
Proposed 39612 39701 39799 39821 5.09 5.12 5.14 5.16
R/h = 5 Bath and 38.131 40.772 41.227 41.395 41.599 4.78 5.09 5.13 5.14 5.16
Dvorkin [12]
Proposed 41.212 41.498 41.551 41.586 5.09 5.12 5.15 5.16
R/h = 2 Bath and 2.994 3.198 3.233 3.247 3.262 4.82 5.09 5.13 5.15 5.16
Dvorkin [12]
Proposed 3.183 3.220 3.243 3.258 5.09 5.13 5.16 5.16
Table VII. Displacements and bending moments at centre of clamped circular
plate under uniform loading.
Displacement at centre, wc Bending moment at centre, Mr
Number of elements 3 12 27 48 Exact 3 12 27 48 Exact
R/h = 50 Bath and 9067.9 9699.3 9738.2 9766.6 9783.5 1.88 2.05 2.02 2.04 2.03
Dvorkin [12]
Proposed 9411.3 9741.5 9775.3 9781.2 2.01 2.02 2.03 2.03
R/h = 5 Bath and 10.755 11.432 11.494 11.526 11.551 1.93 2.04 2.04 2.04 2.03
Dvorkin [12]
Proposed 11.471 11.499 11.513 11.521 2.02 2.03 2.03 2.03
R/h = 2 Bath and 1.243 1.320 1.331 1.335 1.339 1.97 2.04 2.04 2.04 2.03
Dvorkin [12]
Proposed 1.315 1.323 1.335 1.339 2.03 2.03 2.03 2.03
9. CONCLUSIONS
A new eight-node Reissner–Mindlin plate element is developed with a special interpolation within
the element for the analysis of thick plates. The special interpolation is an extension of the element
boundary interpolation, in which Timoshenko beam function is used for the boundary segment
interpolation. The shear strain is considered in the element function, and as a one-dimensional
bending problem, it is one of the special cases of the two-dimensional bending problems. Naturally,
this element function is used to determine the deformations of Reissner–Mindlin plate boundary
segments, and the interpolation is further extended from the boundary to the whole element’s body.
Since the function is the exact solution of Timoshenko beam, it can be expected that the element
function of the proposed plate element be close to an accurate one. After constructing the element
function, the formulations for bending and shear deformation are derived. The element stiffness
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matrix is constructed by combining the contributions of the bending and the shear deformations.
By solving the simultaneous equations, the nodal displacements are obtained, thus the stresses and
internal forces being determined.
A series of patch tests are conducted after developing the plate element. The first test is to check
the compatibility of the proposed element. Five eight-node elements are assembled and subjected
to a set of concentrated load and boundary conditions that lead theoretically to a uniform constant
state of stresses on a rectangular plate. It can be seen that the proposed element successfully passes
the test. The next two tests are patch tests for shear deformation and curvature. These tests aim at
evaluating the abilities of the proposed element in modelling a Reissner–Mindlin plate subjected
to constant shear deformation or constant curvature. The formulations of the bending and shear
deformation are also checked by these two tests separately by imposing a prescribed constant shear
strain and constant curvature, respectively, on the plate, respectively. Results of the tests show that
exact solutions are produced.
Two numerical examples are further investigated. The first one, a simply supported square plate
test, is actually a benchmark test and it has been widely employed by previous researchers. Results
for the tests with different plate thickness are presented and are compared with the results from
other research. It can be seen that the proposed element is free of the locking phenomenon and
possesses a higher accuracy when compared with the earlier research in the literature; while the
results from the earlier work shows that the shear locking phenomenon is encountered. In the
second example, a circular plate is subjected to uniform loading. The plate with two different
boundary conditions is tested. Results from both coarse and fine meshing are presented. The
performance of the proposed element exhibits a higher accuracy, as compared to the theoretical
solution for both the coarse and fine meshing.
APPENDIX A
A.1. Governing equation
The plate element formulation is a special case of the general shell formulation and is based on
the theory of plates with transverse shear deformations included. The proposed theory uses the
assumption that particles of the plate originally on a straight line that is normal to the undeformed
middle surface remain on a straight line during deformation, but this line is not necessarily normal
to the deformed middle surface. With this assumption, the displacement components of a point of
co-ordinates, x , y and z, are, in the small displacement bending theory,
u = −zx (x, y)
v = −zy(x, y)
w =w(x, y)
(A1)
where w is the transverse displacement and x and y are the rotations of the normal to the
undeformed middle surface in the x , z and y, z planes, respectively, as shown in Figure 3(a). It is
instructive to note that, in the Kirchhoff plate theory, x =w,x and y =w,y , the shear deformations
are excluded.
Consider the eight-node Reissner–Mindlin plate in a global co-ordinate system, as shown in
Figure 3(a). The bending strains, x , y and xy , vary linearly throughout the plate thickness and
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are given by the curvatures of the plate using Equation (A1),
e=
⎧⎪⎪⎨
⎪⎪⎩
x
y
xy
⎫⎪⎪⎬
⎪⎪⎭ =−z
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

x
0
0

y

y

x
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
{
x
y
}
(A2)
while the transverse shear strains are assumed to be constant throughout the thickness of the plate:
{
xz
yz
}
=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
w
x
− x
w
y
− y
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(A3)
It is noted that each transverse shear train component follows the form of Timoshenko beam
theory. The state of stress in the plate corresponds to the plane stress conditions (i.e. 
z = 0). For
an isotropic material, thus
⎧⎪⎪⎨
⎪⎪⎩

x

y
xy
⎫⎪⎪⎬
⎪⎪⎭ =−z
E
1 − 2
⎡
⎢⎢⎢⎢⎣
1  0
 1 0
0 0
1 − 
2
⎤
⎥⎥⎥⎥⎦
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
x
x
y
y
x
y
+ y
x
⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭
(A4a)
and
{
xz
yz
}
= E
2(1 + )
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
w
x
− x
w
y
− y
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
(A4b)
To establish the element equilibrium equations, the formulation of the two-dimensional
beam element of a rectangular cross-section is now proceeded. Considering the plate shown in
Figure 3(a), the expression for the principle of virtual work, with p equal to the transverse loading
per unit of the mid surface area A, is
∫ h/2
−h/2
∫
A
{¯x ¯y ¯xy}
⎧⎪⎪⎨
⎪⎪⎩

x

y
xy
⎫⎪⎪⎬
⎪⎪⎭ dA dz + k
∫ h/2
−h/2
∫
A
{¯xz ¯yz}
{
xz
yz
}
dA dz =
∫
A
w¯p dA (A5)
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where the over bar denotes virtual quantities and k is again a constant to account for the actual
non-uniformity of the shearing stresses (the commonly used value is 56 ). Substituting Equations(A2)–(A4) into Equation (A5) gives∫
A
j¯TCbj dA +
∫
A
c¯Csc dA =
∫
A
w¯p dA (A6)
where the internal bending moments and shear forces are Cbc and Csc, respectively, and
j=
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
x
x
y
y
x
y
+ y
x
⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
(A7a)
c=
⎧⎪⎪⎨
⎪⎪⎩
w
x
− x
w
y
− y
⎫⎪⎪⎬
⎪⎪⎭ (A7b)
and
Cb = Eh
3
12(1 − 2)
⎡
⎢⎢⎢⎣
1  0
 1 0
0 0
1 − 
2
⎤
⎥⎥⎥⎦ (A8a)
Cs = Ehk2(1 + )
[
1 0
0 1
]
(A8b)
A.2. Variational formulation
The complete variational indicator of the proposed eight-node Reissner–Mindlin plate element
corresponding to Equation (A5) is given by
p = 1
2
∫ h/2
−h/2
∫
A
{x y xy}
E
1 − 2
⎡
⎢⎢⎢⎣
1  0
 1 0
0 0
1 − 
2
⎤
⎥⎥⎥⎦
⎧⎪⎪⎨
⎪⎪⎩
x
y
xy
⎫⎪⎪⎬
⎪⎪⎭ dA dz
+k
2
∫ h/2
−h/2
∫
A
{xz yz}
E
2(1 + )
{
xz
yz
}
dA dz −
∫
A
wp dA (A9)
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with the bending and shear strains given by Equations (A2) and (A3). The principle of virtual
work corresponds to invoking = 0 with respect to the transverse displacement, w, and section
rotations, x and y .
In the proposed theory, w, x and y are independent variables. Hence, in the finite element
discretization using the displacement method, it is needed to enforce inter-element continuity only
on w, x and y but not on any derivatives thereof, which can readily be achieved in the same
way as in the isoparametric finite element analysis of solids.
In Equation (A9), the first part represents the contribution from the bending strain and the
second part represents that from the shear strain. Therefore one can be defined,
pb =
1
2
∫ h/2
−h/2
∫
A
{x y xy}
E
1 − 2
⎡
⎢⎢⎢⎢⎣
1  0
 1 0
0 0
1 − 
2
⎤
⎥⎥⎥⎥⎦
⎧⎪⎪⎨
⎪⎪⎩
x
y
xy
⎫⎪⎪⎬
⎪⎪⎭ dA dz (A10a)
ps = k2
∫ h/2
−h/2
∫
A
{xz yz}
E
2(1 + V )
{
xz
yz
}
dA dz (A10b)
Equation (A10) indicates that the transverse displacement, w, and the sectional rotation, x and
y , are interpolated independently.
APPENDIX B
Ts =[Ts1 Ts2 Ts3 Ts4 Ts5 Ts6 Ts7 Ts8]
where
Ts1 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(1 − e9)/S1 (−1 + e9)m9/2 (1 − e9)l9/2
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
(1 − e16)/S8 (−1 + e16)m16/2 (1 − e16)/2
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Ts2 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
−(1 + e10)/S2 (−1 + e10)m10/2 (1 − e10)l10/2
(1 − e11)/S3 (−1 + e11)m11/2 (1 − e11)l11/2
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Ts3 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
0 0 0
0 0 0
(−1 + e12)/S4 (−1 + e12)m12/2 (1 − e12)l12/2
(1 − e13)/S5 (−1 + e13)m13/2 (1 − e13)l13/2
0 0 0
0 0 0
0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Ts4 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
(−1 + e14)/S6 (−1 + e14)m14/2 (1 − e14)l14/2
(1 − e15)/S7 (−1 + e15)m15/2 (1 − e15)l15/2
0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Ts5 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(−1 + e9)/S1 (−1 + e9)m9/2 (1 − e9)/2
(1 − e10)/S2 (−1 + e10)m10/2 (1 − e10)l10/2
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Ts6 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
0 0 0
(−1 + e11)/S3 (−1 + e11)m11/2 (1 − e11)l11/2
(1 − e12)/S4 (−1 + e12)m12/2 (1 − e12)l12/2
0 0 0
0 0 0
0 0 0
0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Ts7 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
0 0 0
0 0 0
0 0 0
(−1 + e13)/S5 (−1 + e13)m13/2 (1 − e13)l13/2
(1 − e14)/S6 (−1 + e14)m14/2 (1 − e14)l14/2
0 0 0
0 0 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Ts8 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
(−1 + e15)/S7 (−1 + e15)m15/2 (1 − e15)l15/2
(1 − e16)/S8 (−1 + e16)m16/2 (1 − e16)l16/2
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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